ABSTRACT In this paper, we seek analytical solutions of the higher-order modified Boussinesq equation by two different systematic techniques. Employing the exp(−ψ(z))-expansion method, exact solutions of the mentioned equation, including hyperbolic, exponential, trigonometric, and rational function solutions, have been obtained. Based on the work of Yuan et al., we proposed the extended complex method to seek exact solutions of the higher-order modified Boussinesq equation. It shows that the extended complex method can solve more differential equations in mathematical physics than the complex method. The idea of this paper can be used to the complex nonlinear systems of electrical and electronics engineering.
I. INTRODUCTION
Nonlinear science is basic science to study the generality of nonlinear phenomena. It is a comprehensive discipline which has been gradually developed by various branch disciplines characterized by nonlinearity since the 1960s. It was known as the ''Third Revolution'' of Natural Science in the 20th century. The scientific community believes that the research of nonlinear science has not only great scientific significance but also broad application prospects. It involves almost all fields of natural science and social science, including engineering application, basic physical research, biological research, control theory, management, etc. The nonlinear science is changing people's traditional view of the real world.
The higher-order modified Boussinesq equation [1] is given by u tt + αu txx + θ u xxxx + γ (6uu 2 x + 3u 2 u xx ) = 0,
which is a famous nonlinear differential equation (NLDE) and is used as a model to describe the water wave problem with surface tension.
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It is well known that NLDEs are universally applied in plasma physics, electrical engineering, nonlinear optics, fluid dynamics, biology, chemistry, etc. For example, the singular behaviors [2] , [3] and impulsive phenomena [4] , [5] often show some blow-up properties [6] , [7] which occur in lots of complex physical processes. In order to solve various differential equations, symbolic calculation techniques as well as some analytical tools were established, such as sine-Gordon expansion method [8] - [10] , modified simple equation method [11] , modified extended tanh method [12] - [15] , Kudryashov method [16] - [19] , generalized (G /G)-expansion method [20] - [23] , improved F-expansion method [24] , exp(−ψ(z))-expansion method [25] - [29] , complex method [30] - [35] , fixed point method [36] - [39] , and topological degree method [40] - [43] .
The complex method, proposed by Yuan et al. [30] , [31] , is established via complex differential equations and complex analysis. It is a useful tool to find exact solutions of NLDEs which are Briot-Bouquet equations or satisfy p, q condition [32] . Based on their work, we introduce the extended complex method to seek exact solutions of NLDEs which are not Briot-Bouquet equations or do not satisfy p, q condition.
In this article, two different systematic methods which are the exp(−ψ(z))-expansion method and extended complex method are applied to search analytical solutions of the higher-order modified Boussinesq equation. Computer simulations are given to illustrate our main results. Comparisons and conclusions are presented in the last two sections.
II. THE EXP(−ψ(Z ))-EXPANSION METHOD
Consider a nonlinear PDE as follows:
where F is a polynomial consisting of the unknown function u(x, t), the partial derivatives of u(x, t), the higher order partial derivatives of u(x, t) and some nonlinear terms.
Step 1. Substitute traveling wave transformation
into Eq.(2) to convert it to the ODE,
where P is a polynomial of u and its derivatives.
Step 2. Suppose that Eq.(4) has the following exact solutions:
where B j (0 ≤ j ≤ n) are constants to be determined latter, such that B n = 0 (n ≥ 1) and ψ = ψ(z) satisfies the ODE as below:
Eq.(6) has the solutions as follows:
where a is an arbitrary constant and B n = 0, δ, ν are constants in Eq.(7)-Eq. (13) . We determine the positive integer n through considering the homogeneous balance between highest order derivatives and nonlinear terms of Eq.(4).
Step 3. Inserting Eq. (5) into Eq. (4) and then considering the function exp(−ψ(z)) yields a polynomial of exp(−ψ(z)). Let the coefficients of same power about exp(−ψ(z)) equal to zero, then we get a set of algebraic equations. We solve the algebraic equations to obtain the values of B n = 0, δ, ν and then we put these values into Eq.(5) along with Eq.(7)-Eq. (13) to finish the determination of the solutions for the given PDE.
III. APPLICATION OF THE EXP(−ψ(Z ))-EXPANSION METHOD TO THE HIGHER-ORDER MODIFIED BOUSSINESQ EQUATION
into Eq.(1), we get
Take the homogeneous balance between u and u(u ) 2 in Eq. (14) to yield
where B 1 = 0 and B 0 are constants. (14) and equating the coefficients about exp(−ψ(z)) to zero, we get
Solving the above algebraic equations yields
where δ and ν are arbitrary constants. We substitute Eqs. (16) into Eq. (15), then
. (17) Using Eq. (7) to Eq. (13) into Eq. (17) respectively, we obtain exact solutions of the higher-order modified Boussinesq equation as follows.
.
The properties of the solutions are shown in figures 1-6. 
IV. THE EXTENDED COMPLEX METHOD
Step 1. Substituting the transform T : u(x, t) → U (z), (x, t) → z into the given PDE yields
Step 2. Determine the weak p, q condition. Let p, q ∈ N, and suppose that the meromorphic solutions U of Eq.(18) have at least one pole. Substituting the Laurent series
into Eq. (18), if it is determined p distinct Laurent singular parts
then the weak p, q condition of Eq. (18) holds. Weierstrass elliptic function ℘(z) := ℘(z, g 2 , g 3 ) with double periods satisfies the equation as follows:
and has the following addition formula:
Step 3. Substitute the indeterminate forms
into Eq. (18) respectively to yield the systems of algebraic equations, and solve the algebraic equations to obtain elliptic function solutions, rational function solutions and simply periodic solutions with the pole at z = 0, where β −ij are determined by (19) ,
and U (z), U (e µz ) (µ ∈ C) have s(≤ p) distinct poles of multiplicity q.
Step 4. Obtain the meromorphic solutions with arbitrary pole, and substitute the inverse transform T −1 into the meromorphic solutions to achieve the exact solutions to the mentioned PDE.
V. APPLICATION OF THE EXTENDED COMPLEX METHOD TO THE HIGHER-ORDER MODIFIED BOUSSINESQ EQUATION
Inserting (19) into Eq. (14) and equating the coefficients of the same powers of z to zero, we obtain A −1 = ± √ −2γ θ γ , A −2 = A −3 = A −4 = · · · = 0, then we know that p = 2, q = 1. Therefore, the weak 2, 1 condition of Eq. (14) holds.
By the weak 2, 1 condition and (21), we have the indeterminate forms of rational solutions
with pole at z = 0. Inserting U r (z) into Eq. (14), we obtain Equating the coefficients of the same powers about z in Eq. (24) to zero, we get a set of algebraic equations:
Solving the above equations, we obtain
and
where θ = 
where η = e µz (µ ∈ C). Substituting Equating the coefficients of the same powers about e µz in Eq. (26) to zero, we get a set of algebraic equations:
Therefore, simply periodic solutions to Eq.(14) with pole at z = 0 are
where
By the weak 2, 1 condition and (20), we have the form of the elliptic solutions of Eq. (14) with pole at z = 0
By the results obtained above, we deduce that
in which g 3 = 0.
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Therefore, the elliptic function solutions of Eq. (14) are
where z 0 ∈ C, g 3 = 0, g 2 is arbitrary. By above procedures, we collect meromorphic solutions of Eq. (14) with arbitrary pole as follows:
where θ = 6 in the second case;
where z 0 ∈ C, g 3 = 0, g 2 is arbitrary. The properties of the solutions are shown in figures 7-10.
VI. COMPARISONS
Mothibi et al. [1] utilized the (G /G)-expansion method to study the higher-order modified Boussinesq equation. We can observe that some important results to higher-order modified Boussinesq equation have been obtained by using the (G /G)-expansion method. However, when we compare the results of this paper by applying two different systematic methods with the results of [1] the exponential function solutions and elliptic function solutions as a new aspect have been proposed to the literature. The exp(−ψ(z))-expansion method allows us to express the exact solutions of NLDEs as a polynomial of exp(−ψ(z)), in which ψ(z) satisfies the ODE (6). We can determine the degree of the polynomial through the homogeneous balance and obtain the values of the undetermined coefficients of the polynomial via the calculations of computer software, and then we obtain the exact solutions. With this method, we obtained seven solutions to the mentioned equation in which rational solution u 7 (z) is equivalent to U r1 (z) if we consider z 0 = −a.
With the extended complex method, we can derive meromorphic solutions of the differential equations which do not satisfy p, q condition or are not Briot-Bouquet equation [32] . Therefore, more NLDEs in mathematical physics can be solved by the extended complex method. Using the indeterminate forms of the solutions, we are able to seek meromorphic solutions U (z) for the differential equation with a pole at z = 0, then we can derive meromorphic solutions U (z − z 0 ), z 0 ∈ C for the differential equation with an arbitrary pole. By implementing this method, we obtained five solutions to the mentioned equation in which simply periodic solutions U s1 (z) and U s2 (z) and rational solutions U r2 (z) are new and can not be degenerated successively by the elliptic function solutions.
VII. CONCLUSIONS
In this article, we search for analytical solutions of the higher-order modified Boussinesq equation by two different systematic methods. By the exp(−ψ(z))-expansion method and extended complex method, we obtain five kinds of exact solutions including trigonometric, hyperbolic, rational, exponential and elliptic function solutions. All the computations of this paper are done with the aid of Matlab. More solutions are obtained in this paper comparing to the solutions derived in [1] . We also give some computer simulations to illustrate our results by using Matlab. The extended complex method which is proposed in this paper is a improvement of the complex method so that we can solve more NLDEs arising in the mathematical physics. The results demonstrate that these two efficient and direct methods allow us to do complicated and tedious algebraic calculation.
